The main purpose of this note is the study of the total space of a holomorphic Lie algebroid E. The paper is structured in three parts.
Introduction
Lie algebroids are a generalization of Lie algebras and vector bundles. They are anchored vector bundles with a Lie bracket defined on the modules of sections induced from tangent bundle. Lie algebroids provide a natural setting in which one can develop the theory of differential operators such as the exterior derivative of forms and the Lie derivative with respect to a vector field. This setting is slightly more general than that of the tangent and cotangent bundles of a smooth manifold and their exterior powers.
Lie algebroids represent an active domain of research, with applications in many areas of mathematics and physics. A well-known example is the work of A. Weinstein [15] in the area of Mechanics, who developed a generalized theory of Lagrangians on Lie algebroids and obtained the Euler-Lagrange equations using the structure of the dual of Lie algebroids and Legendre transformations associated with a regular Lagrangian. On the other hand, E. Martinez [8, 9] developed another approach using the notion of prolongation of Lie algebroid, for that fundamental notions on tangent bundle geometry, such as spray theory and nonlinear connection, can be transferred to this prolongation. Many recently results are obtained on Lie algebroids ( [2, 3, 12, 13, 11] etc.).
In complex geometry, some properties of complex and holomorphic Lie algebroids have been studied in [16, 7, 5] .
The present paper analyzes specific notions from real Lie algebroids theory in the case of holomorphic Lie algebroids. The paper is organized as follows. The first part gives basic definitions of a holomorphic anchor map, holomorphic Lie algebroid, Lie bracket on such an algebroid, which are also locally characterized. More details and linear connections on E and E C are presented in [6] .
In the geometry of the manifold holomorphic Lie algebroid E, two approaches are taken into account. One is of the tangent bundle T E, which has in its turn a natural structure of Lie algebroid. The geometry of T E is "linearized" by using a nonlinear connection for which, in respect to its adapted frames, we study a distinguished complex linear connection. The classical notions of semisprays and sprays are defined in this case following the variational problem on an algebroid endowed with a Lagrangian structure. The main results is Theorem 2.1, which gives the coefficients of a spray, called canonical, from the variational problem.
The second approach concerns the prolongation T E of a holomorphic Lie algebroid. Using a complete lift we introduce the Liouville tensor and an almost tangent structure for defining a different type of nonlinear connection on the prolongation T E. It is proved how the nonlinear connection on T E defines a nonlinear connection on T E. Theorem 2.2 gives the procedure of deriving a nonlinear connection on T E from a spray on T E. Corroborate with Theorem 2.1, we can say that we have solved the problem of determining of adapted frames, and so of "linearizing" of the geometry of a holomorphic algebroid endowed with a regular Lagrangian L.
In the last section we study the possibility of inducing Lagrange structures on holomorphic Lie algebroids from a Lagrangian structure on the tangent bundle T M . Three particular cases are analyzed by the rank of anchor map and dimensions of manifold M and fiber dimension. It is proved that a Lagrangian on T M and the well known Chern-Lagrange nonlinear connection on T M induces a Lagrangian structure on T E and consequently, by Theorems 2.1 and 2.2, a nonlinear connection on T E.
Holomorphic Lie algebroids
Let M be a complex n-dimensional manifold and E a holomorphic vector bundle of rank m over M . Denote by π : E → M the holomorphic bundle projection, by Γ(E) the module of holomorphic sections of π and let T C M = T M ⊕T M be the complexified tangent bundle of M , split into the holomorphic and antiholomorphic tangent bundles.
On a vector bundle (E, π, M ) the definition of a derivative law is D : Denote by Γ(T M ) the module of holomorphic sections of T M , that is, the holomorphic vector fields on M , and by H(M ) the ring of holomorphic functions on M .
Using the anchor map, we can define a Lie bracket on E from the Lie bracket on T M by
These considerations lead to the following definition ( [15, 7, 5, 8] ):
where E is a holomorphic vector bundle anchored over M , [·, ·] E is a Lie bracket on Γ(E) and ρ E : Γ(E) → Γ(T M ) is the homomorphism of complex modules induced by the anchor map ρ such that
for all s 1 , s 2 ∈ Γ(E) and all f ∈ H(M ).
Note that (1.1) means that
Also, the Lie bracket [·, ·] E satisfies the Jacobi identity
The main examples of holomorphic Lie algebroids are, of course, offered by the holomorphic tangent bundle T M , or its cotangent bundle T * M . Some other examples can be derived from those presented in [5] , in the particular cases of complex manifolds (complex Poisson manifold, complete lift and prolongation of a Lie algebroid, direct product structure, etc.).
An example of interest is the projective bundle of a complex Finsler manifold. If (M, F ) is a complex Finsler manifold ( [10] ), then F : T M → R + is a real function of position z ∈ M and direction η ∈ T z M. Consider homogeneous coordinates [η] that determine P z M, the lines bundle in each z ∈Ṁ . The reunion of all these lines gives the projective bundle P M ∼ = T M/ C * , which has a natural structure of holomorphic Lie algebroid by ρ : [η] → η. Here, things are more subtle. P M as a complex manifold is isometric with the indicatrix IM = ∪ z∈M I z M , where
is the metric tensor of the complex Finsler space (see below in the paper the corresponding notations), then G = g ij dη i ⊗ dη j is a metric structure on IM , and h = g ij dz i ⊗ dz j + (log F 2 ) ij dη i ⊗ dη j is a metric structure on P M (see [4, 14] ). Then a metric structure on T M , descending from h is g = g ij dz
Local expressions
If (z k ) k=1,n is a local complex coordinate system on U ⊂ M and {e α } α=1,m is a local frame of sections of E on U , then (z k , u α ) are local complex coordinates on π −1 (U ) ⊂ E, where e = u α e α (z), e ∈ E. Let g U V : U ∩ V → GL(m, C) be the holomorphic transition functions of E. In z ∈ U ∩ V , g U V (z) is represented by the complex matrix of holomorphic functions M α β (z) , such that, if ( z k , u α ) are local coordinates on π −1 (V ), then these change by the rules
The Jacobi matrix of the transformation laws (1.4) is
Let W β α be the inverse matrix of M α β , and {e α } a base of sections on E, that is, u = u α e α for any u ∈ Γ(E). Then these change by the rules
The action of the holomorphic anchor map ρ E can locally be described by The holomorphic functions ρ 
Since E is a holomorphic vector bundle, it has the structure of a complex manifold, and the natural complex structure acts on its sections by J E (e α ) = ie α and J E (ē α ) = −iē α . Hence, the complexified bundle E C of E decomposes into E C = E ⊕ E . The sections of E C are given as usual by Γ(E ) = {s − iJ E s | s ∈ Γ(E)} and Γ(E ) = {s + iJ E s | s ∈ Γ(E)}, respectively. The local basis of sections of E is {e α } α=1,m , while for E , the basis is represented by their conjugates {ē α := eᾱ} α=1,m . Since ρ E : E → T M is a homomorphism of complex modules, it extends naturally to the complexified bundle by ρ (e α ) = ρ E (e α ) and ρ (eᾱ) = ρ E (eᾱ). Thus, the anchor map can be decomposed into ρ E = ρ ⊕ ρ on the complexified bundle, and since E is holomorphic, the functions ρ(z) are holomorphic, hence ρk α = ρ k α = 0 and ρk α = ρ k α . Thus, the anchored bundles (E , ρ , T M ) and (E , ρ , T M ) are complex Lie algebroids ( [5] Proof. The identities follow by direct computations using (1.1), (1.6) and (1.7).
2 The geometry of the total space of E Two approaches on the tangent bundle of a holomorphic Lie algebroid E will be described in this section. The first is the classical study of the tangent bundle of E, while the second is that of the prolongation on E. The latter idea appeared from the need of introducing geometrical objects such as nonlinear connections or sprays which could be studied in a similar manner to the tangent bundle of a complex manifold.
The tangent bundle of a holomorphic Lie algebroid
Recall ( [10] ) that a complex Lagrange space is a pair (M, L), where L : T M → R is a regular Lagrangian defined on the holomorphic tangent bundle of a complex manifold. The geometrical objects acting on such a space are sections in the complexified tangent bundle
The holomorphic tangent bundle T M of M is in its turn a complex manifold, and the changes of local coordinates (z
The natural frame
The generalization consists in introducing a Lagrange structure (in particular, Finsler) on a holomorphic vector bundle, a well-known idea from T. Aikou [1] , and G. Munteanu [10] . The basis manifold of such a space is the complex manifold E endowed with a regular Lagrangian L : E → R and the geometry of the space obviously implies studying geometrical objects (vectors, metric structures, connections) which act on sections in the complexified tangent bundle T C E = T E ⊕ T E, where T E is the holomorphic tangent bundle and T E = T E. In particular, a Lie algebroid is first of all a holomorphic vector bundle and its geometry must be studied.
On T E, a natural frame of fields is ∂ ∂z k , ∂ ∂u α , which, due to the (1.5) matrix, changes by the rules
Since E is a complex manifold, it follows that ∂ ∂z
is a local frame on T E = T E and its rules of change are deduced from (2.3) by conjugation. Now, let us consider E and T M as manifolds and we prove that the anchor map ρ E maps the local coordinates (z k , u α ) on E, with changes (1.4), in a local map (z k , η k ) on T M , with changes (2.1). Further, let us consider the same local charts on M for E and T M , that is, we have the same changes z k (z) = z k (z). As a mapping between manifolds, the holomorphic anchor ρ induced by
, where we define the directional coordinates by
Let us prove that (2.4) define a sistem of coordinates on T M. A change of local charts implies that (
∂z h , so that the changes (2.1) are satisfied, and moreover we have:
These transformation laws have the following Jacobi matrix:
Denote by ρ * :
The complex structure J * E satisfies the identities
The splitting T C E = T E ⊕ T E of the complexified tangent bundle is due to the complex structure J * E , the holomorphic and antiholomorphic tangent bundles of E corresponding to the eigenvalues ±i of J * E . Moreover, there are two modules of sections on
The anchor ρ maps the coordinates (z k , u α ) from a local chart on the manifold E to the coordinates (z
is the natural frame field on T C (T M ) and the action of the tangent mapping ρ * is locally described on ρ(E) by
and their conjugates. The dual basis of the natural frame
For a change of coordinates on T C (T M ), the change laws on T C E are, due to the Jacobi matrix (2.6),
and the conjugates.
The Lie algebroid structure of T E
We prove that T E has a Lie algebroid structure over the basis manifold M . Let p : T M → M be the projection of the holomorphic tangent bundle of M and p * : T T M → T M its tangent map, acting at a point (z, η) by
suggests the definition of the map Υ : T E → T M , Υ = p * • ρ * , in order to introduce a holomorphic Lie algebroid structure on T E. Since T M and T E are holomorphic bundles, from the definition of Υ follows that it is a vector bundle morphism. (2.8) and the definition of p * yield Υ(Z) = Z k ∂ ∂z k . Since T E is a vector bundle over M , taking the Lie bracket of two sections
Locally, we have
This leads to the following Proposition 2.1. The holomorphic tangent bundle T E has a structure of a Lie algebroid over the complex manifold M , with the anchor map Υ.
Using the definition of Υ, it follows that it is a homomorphism between the complex Lie algebras
Nonlinear connections on T E
It is obvious that the rules of change of the natural frame of fields on T C E are complicated. As in the case of Finsler geometry, the solution to this problem is the method of nonlinear connection. Consider π * the tangent mapping of the projection π : E → M . Then the vertical holomorphic tangent bundle of E can be defined by V E = ker π * . A local frame of fields on V E is ∂ ∂u α α=1,m and if π * (T M ) is the pull-back bundle of the holomorphic tangent bundle of M , then the following fundamental sequence is obtained ( [10] ):
As usual, a splitting C : T E → V E in this sequence is called a connection on the vertical bundle and it determines the decomposition
of the holomorphic tangent bundle of E, where HE is the horizontal distribution, isomorphic to the pull back bundle π * (T M ) by the morphism dπ from the exact sequence (2.13). This isomorphism is called complex nonlinear connection or Ehresmann connection (T. Aikou, [1] ) on the holomorphic vector bundle E.
The decomposition of the complexified tangent bundle T C E is obtained by conjugation:
The horizontal lift l h : π * (T M ) → HE determined by the nonlinear connection is defined by
(see [10] ), where the functions N α k (z, u) are called the coefficients of the complex nonlinear connection on E. A change of local coordinates implies that δ δz h changes by the rule δ δz h = ∂ z k ∂z h δ δ z k , such that, using also (2.3), the laws of change for the functions N α k are obtained:
A field of frames δ δz k , ∂ ∂u α on T E is obtained, called the adapted frame of the complex nonlinear connection. A simple computation using (2.12) and (2.15) leads to the following result.
Proposition 2.2. The Lie brackets of the adapted frame on T E are
∂ ∂η k be the adapted frame of a complex nonlinear connection on T T M , where
and denote by {dz k , δη k } the dual basis, with
The coefficients of the complex nonlinear connection change by the rules ( [10] )
Analogously, on T E, the dual basis of the adapted frame is {dz k , δu α }, where
From now on, we will use the well-known abbreviations
Linear connections on T E
such that
Locally, a section Z ∈ Γ(T E) can be decomposed in the adapted frame δ δz k , ∂ ∂u α of a complex nonlinear connection as introduced in the previous section. Hence, the connection forms have vertical and horizontal components. If the linear connection preserves the distributions from (2.14), then it is called distinguished. A distinguished complex linear connection D on T E has the following coefficients:
(2.23) As usual, the next step is considering the torsion and curvature of such a connection.
As usual, the torsion of a distinguished complex linear connection on T E is
Its coefficients are denoted by
The curvature of a distinguished complex linear connection on T E is defined by
In the adapted frame of fields, the coefficients of the curvature are
Semisprays and sprays
The notion of semispray on a holomorphic Lie algebroid has been introduced in [6] following the steps from the real case ( [2, 3] ). Let ρ E denote the anchor map and π * , the tangent map of the projection π and τ E : T E → E.
Let c : I → M, I ⊂ R be a complex curve on M , c : I → E a complex curve on E such that π • c = c and denote by˙ c the tangent vector field to the curve c. (2.26)
Then, the curve˙ c is admissible if and only if
, using the definition, it follows that S is a semispray if and only if
The coefficients U α (z, u) are not determined, thus, for easier computations, let
The rules of change for the coordinates of S are obtained using the (1.5) matrix:
Moreover, due to (1.8), the coefficients Z k (z, u) given by (2.27) verify the (2.29) laws of change, which leads to the following result.
is a semispray if and only if the coefficients G α verify the (2.30) rules of transformation.
A curve c : t → (z i (t), u α (t)) on E is an integral curve of the semispray S if it satisfies the system of differential equations
A semispray can then be characterized also by Proposition 2.4. A vector field on E is a semispray if and only if all its integral curves are admissible.
Now, if h λ : E → E is the complex homothety h λ : e → λe, λ ∈ C, e ∈ E, then a semispray S on E is called spray if
Since the action of h λ is locally described by h λ : (z k , u α ) → (z k , λu α ), the condition (2.32) becomes, equivalently,
that is, the functions G α are complex homogeneous of degree 2 in u.
Let L = u α ∂ ∂u α be the complex Liouville vector field on E. Then, an even simpler formulation for the condition of spray can be obtained using Euler's theorem for homogeneous functions: 
where ρk β = 0 since E is holomorphic and Q α β and Qᾱ β must be determined. Theorem 2.1. On a holomorphic Lie algebroid E endowed with a regular Lagrangian L(z, u) and a Hermitian metric tensor gᾱ β with det(gᾱ β ) = 0, a complex canonical spray is given by
Remark 2.1. If the Lagrangian on E is complex homogeneous, then the spray is complex homogeneous of degree 2 in u.
The prolongation of a holomorphic Lie algebroid
For the holomorphic Lie algebroid E over a complex manifold M , its prolongation will be introduced using the tangent mapping π * : T E → T M and the holomorphic anchor map ρ E : E → T M . Define the subset T E of E × T E by T E = {(e, v) ∈ E × T E|ρ(e) = π * (v)} and the mapping π T : T E → E, given by π T (e, v) = π E (v), where π E : T E → E is the tangent projection. Then (T E, π T , E) is a holomorphic vector bundle over E, of rank 2m. Moreover, it is easy to verify that the projection onto the second factor ρ T : T E → T E, ρ T (e, v) = v, is the anchor of a new holomorphic Lie algebroid over the complex manifold E (see [8, 9, 12] for details in the real case).
The vertical subbundle of the prolongation is defined using the projection onto the first factor τ 1 : T E → E, τ 1 (e, v) = e, by
From the construction above, it follows that any element of V T E has the form (0, v) ∈ E × T E, with π * (v) = 0. Then, vertical elements (0, v) ∈ V T E have the property v ∈ ker π * and v is a vertical vector on E.
The local coordinates on T E are (z k , u α , v α , w α ), obtained from the local coordinates (z k , u α ) of e by using the identity ρ(e) = π * (v), which yields the vector v in the form
The local basis of holomorphic sections in Γ(
where ∂ ∂z k , ∂ ∂u α is the natural frame on T E. If W is a holomorphic section of T E, then its decomposition in the basis
where Z α and V α are holomorphic functions of z and u. Also, the holomorphic vector field ρ T (W ) ∈ Γ(T E) can be written as
.
A section Z ∈ Γ(E) can be lifted to sections of the prolongation T E by considering its vertical and complete lifts Z v and Z c , which will be defined in the following (see [6] ). The vertical lift of a section Z ∈ Γ(E), Z = Z α s α , is a vector field on E given by
In local coordinates, if Z = Z α s α , then the expressions of Z V and Z C are
In particular, s
for Z, W ∈ Γ(E). The structure of a holomorphic Lie algebroid on the vector bundle (T E, π T , E) is therefore given by ([·, ·] T , ρ T ). The action of the anchor ρ T on T E is locally described by
Lemma 2.1. The Lie brackets of the basis {Z α , V α } are:
As in the real case ( [8] ), a differential ∂ T can be defined on T E. Denoting by {Z α , V α } the dual base of {Z α , V α }, then
As announced in the previous section, the notion of semispray for a Lie algebroid can be introduced in another manner as well ( [8, 12] ). More precisely, a semispray can also be considered on the prolongation T E of the holomorphic Lie algebroid E. Let L be the complex Liouville section on T E, defined by
(2.39)
The coordinate expression of L is
Also, let T be the tangent structure (or vertical endomorphism) defined on
In local coordinates,
If T is the complex tangent structure on T E and C is the complex Liouville section, then
These two canonical complex objects on T E can now be used for defining the notion of complex semispray on the prolongation of E.
Definition 2.5. A section S of the holomorphic Lie algebroid T E is called complex semispray on E if
T (S) = L.
In order to describe locally a complex semispray on T E, let S = A α Z α + B α V α . Then, (2.40) and (2.43) yield A α = u α , and for convenience let
α . Therefore, the local expression of a semispray on T E is
If [L, S] T = S, then S is called spray and G α are homogeneous functions of degree 2.
Nonlinear connections on T E
The method of nonlinear connection discussed in Section 2.1.2 will be applied here for the prolongation T E of the holomorphic Lie algebroid E. A complex nonlinear connection on T E is given by a complex vector subbundle HT E of T E such that T E = HT E ⊕ V T E. If l h is the horizontal lift, then similar considerations as in the real case ( [12] ) lead to the following local expression of
where N Denote by
in order to obtain a local frame {δ α , V α } on T E, called the adapted frame with respect to the complex nonlinear connection N on T E. Then
The dual of the adapted frame of fields is {Z α , δV α }, where
Proposition 2.5. The Lie brackets of the adapted frame {δ α , V α } are
∂u ε . Now, consider the complex nonlinear connection on T E introduced in Section 2.1.2. Its coefficients, N α k (z, u), change by the rules (2.16) and the adapted frame of fields is δ δz k , ∂ ∂u α , where
It is interesting to study the relation between the two nonlinear connections on T E and T E, respectively. The first relation in (2.46) suggests considering another adapted frame on T E, defined by
and imposing that it changes by the rules
or, using (2.16) and (2.3),
Note that these rules of change can be obtained from ( given by (2.50). Moreover, the relations between the adapted frames on T E and T E are
Proof. We first have to prove that N β α from (2.50) are the coefficients of a complex nonlinear connection on T E. Let ρ * T be the dual map of ρ T . Then
On the other hand, on (T E) * , the dual adapted frame is
This result shows that the adapted frame (2.47) can very well be interpreted as defining a new complex nonlinear connection on E. An interesting property of this connection is that it can be derived from a spray.
Theorem 2.2. If G
α are the coefficients of a complex spray on T E, as defined in (2.30), then the functions
define a complex nonlinear connection on E, where
Proof. Deriving in (2.30) with respect to u γ and taking into account the (1.8) rules of change yields
Comparing this with (2.49) means that we have to show that
First, from (2.53), it follows that
Then, again using (2.53),
which, multiplied by −M δ γ and using (1.8) and
Adding (2.55) and (2.56) yields (2.54).
Induced Lagrange structures on holomorphic Lie algebroids
It is interesting to study the conditions under which two nonlinear connections on E and T M , respectively, are linked.
The geometry of the bundle T M endowed with a complex Lagrangian L(z, η), where
defines a nondegenerate metric, is well-known. The pair (M, L) is called complex Lagrange space ( [10] ). In order to distinguish it from E, we will further denote it (T M, L).
A remarcable complex nonlinear connection on T M is I) The case when m = n = rank ρ.
Recall that on the manifold E we have local coordinates in a map (z k , u α ), while on T M we have (z k , η k ), where η k = u α ρ k α (z), as stated in (2.4), and α, β, ..., i, j, ... all range over 1, n.
Since n = rank ρ, it follows that ρ is a diffeomorphism with ρ
is a complex Lagrange (Finsler) complex space and L(z, η) is the Lagrange function, then, according to (2.4) , it induces on ρ(E) another Lagrange function, L * (z, u) = L(z, η(u)), where the metric tensor is
Since ρ is a diffeomorphism, rank g αβ = n = m and L * can be interpreted as a function on E.
The pair (E, L * ) is called Lagrange structure on the Lie algebroid E. Notice that if L is homogeneous, then L * (z, λu) = λλL * (z, u), in which case a Finsler structure is induced on E.
Let N α k (z, η) be the coefficients of a nonlinear connection on E and
∂ ∂u α the corresponding adapted frame of fields. It is mapped by ρ * , using (2.8), to
where 
To conclude, in the case when m = n = rank ρ, the diffeomorphism ρ * maps the decomposition T E = V E ⊕ HE in T T M = V T M ⊕ HT M preserving the distributions, and ρ −1 * has the converse role. 
is the nonlinear connection induced on E, called the Chern-Lagrange connection of the Lie algebroid.
II) The case when rank ρ = m < n.
Note that, in this case, the morphism ρ maps E in ρ(E) which is an immersed submanifold of T M .
As in the first case, we will introduce on E Lagrange structures induced by a Lagrange structure (T M, L).
∂η i ∂η j the metric tensor defined by the regular Lagrangian L : T M → R. As in the first case, we consider the Lagrangian induced on ρ(E) given by L * (z, u) = L(z, η(u)), with the metric tensor
Since rank ρ = m and rank[g ij ] = n > m, it follows that rank[g αβ ] = m.
, m, be fields on the basis manifold M . From rank ρ = m we read that {X α } are linear independent and can be lifted
Let us fix a complex nonlinear connection N h k (z, η) on T M , in particular the Chern-Lagrange connection, and let us consider its adapted basis and cobasis.
We search for a nonlinear connection * 
The technique used in the following is known from holomorphic subspaces, [10] . From (3.7) we get
Now, let N h k (z, η) be a complex nonlinear connection on T M and N α k (z, u) a connection on E, with the adapted cobases {dz k , δu
The identities in (2.9) suggest considering the cobasis δη k as a frame of forms δ
Among these, only m are linear independent. In the following, for the simplicity of writing, we will identify *
In matrix form, the right-hand side yields rank[δu α ] = m, thus {δu α } can define a cobasis on E. Substituting from (2.9), we obtain
means that the connections are linked by III) The case when rank ρ = n < m.
In this case, ρ is a submersion and ρ(E) can be identified with T M . We will introduce a Lagrange structure on T M induced by a Lagrange structure on E.
Let L(z, u) be a regular Lagrangian on E with the metric tensor g αβ (z, u) = ∂ 2 L ∂u α ∂ū β , with det[g αβ ] = 0, such that rank g αβ = m. Let gβ α be the inverse of the metric tensor, that is, gβ α g γβ = δ α γ . On T M we have the induced frame (2.8) and its coframe (2.9). The Lagrangian L(z, u) will be mapped by ρ in L * (z, η k = ρ k α u α ) and using (2.8) we compute We obtain rank[g ij ] = n, since rank ρ = n.
On E, we define the following n vertical, linear independent forms
They form an n-dimensional distribution, denoted by ρ 1 T * M , of the mdimensional distribution V * E, and, according to (2.8) , are linked with their image through ρ * on T * M by
where η k = ρ k α u α . We now complete {dv k } k=1,n to a cobasis of V * E with {dy a = Y a α du α } a=1,m−n .
We obtain the matrix of this frame, R = ρ Using the same idea as in the second case, we impose that {dy a } are normal forms with respect to G The first identity yields that ∂ ∂z k ,
